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semi-stable reduction theorem when — deg(y) < rank(F)/2. In 

rK I particular, the case when degeneracies of q are higher than one is 

^^ I that of principal interest. 

^' 
-)— » 



> 



m 



Contents 



1. Introduction 

1.1. Motivation 

CN ■ 1.2. Overview of results 

9^ . 1.3. Comments 

fr^ ! 1.4. Comparison with [7] 

t:;;}^ I 1.5. Remark on Notation 

O ' 1.6. Acknowledgement 



2. Quadratic Bundles 

2.1. Formulation of the functor 



3. An equivalence of categories 

r> ■ 4. Coarse moduli of F-Framed modules 

$^ , 

c^ . 4.1. Semistable F-framed modules 



4.2. Equivalent conditions of F-semi-stability 

4.3. Moduli of F-framed modules 

5. Tensor product of Framed modules on curves 

6. Construction of coarse moduli space of F-orthogonal bundles 
with frames 

6.1. Functorial properness of the evaluation map 

6.2. Construction of quotient space for 6=1 

6.3. Points of moduli 



2 
2 
2 
3 
4 
4 
5 
5 

6 

7 

12 
12 
15 
16 
25 



27 
28 
30 
32 



2000 Mathematics Subject Classification. 14F22,14D23,14D20. 
Key words and phrases. Quadratic bundles, Framed modules. Level Structures, 
Semi-stable reduction. 

1 



7. Comparison with [HI Gomez-Sols] 

8. Semi-stable reduction for 5 = 1 and 151/21 < rank 
References 



35 
37 

41 



1. Introduction 

1.1. Motivation. In this paper we study pairs {V^q) where V^ is a 
vector bundle of rank n on a compact Riemann surface X and q : 
Sym^V — )■ Ox is a quadratic form on V that is only generically non- 
degenerate. If deg(\^) = then q must be a everywhere non-degenerate. 
This is well studied. The case of deg(K) < becomes that carrying 
interest. Note that if g : Sym^l^ — )■ Ox factors through Ox{—x) ^-)- Ox 
for some x G X, then by going to a cover, we may take square root 
of Ox{—x). We have assumed in this article therefore that no such 
factoring takes place. 

For the general case of vector bundles equipped with a quadratic 
form (possibly everywhere degenerate), a compact moduli space has 
been constructed in |6^ Gomez-Sols] for rank three using Geometric 
invariant theory. In [6], the authors find several non-linear conditions 
of semi-stability and expect more such conditions in the higher rank 
case. The key difficulty in |H] arises in the application of the Hilbert- 
Mumford criterion when one tries to interpret the (semi)-stable points 
on a versal space in terms of the quotient object (V, q) intrinsically. In 
Pl Section 2] , the moduli of quadratic or symplectic bundles has been 
constructed for any rank using techniques of Differential geometry (cf 
also [5] and |3] for symplectic case). The semi-stability conditions have 
also been explicited in [10] for any rank for quadric bundles . They 
simplify the semi-stability conditions on decorated vector bundles of 
[T^ A.Schmitt], which should be checked for any weighted filtration, 
to those of length two. 

Our interest has been in fixing the degeneracy locus of q and also 
fixing its type i.e the sky-scraper sheaf V*/q{V), especially when it has 
depth more than one. This does not seem to have been studied before. 

1.2. Overview of results. By restricting ourselves to generically non- 
degenerate quadratic bundles, we are able to reinterpret them as or- 
thogonal bundles on two-sheeted cover Y equipped with level structure 
together with a Z/2-action. More precisely, in Theorem 13.21 we show 
an equivalence of category between such objects and Z/2-0„ bundles 
{W, q') on some Galois cover where the underlying vector bundle W 
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is moreover endowed with a level structure f : W -^ S for some sky- 
scraper sheaf 5* (cf. [T71 CSS] or [HI HL] where such these are called 
framed modules). 

Using this reinterpretation, we construct a coarse moduli space for 
equivalence classes of semi-stable Z/2-0„-bundles with frames or equiv- 
alently quadratic bundles with prescribed degeneracies in any rank in 
Theorem 16.91 for a certain extremal value of the parameter 6. The 
construction is not entirely Geometric invariant theoretic. 

With some restriction on the frame structure, in Theorem 18.11 we 
prove that the functor which associates to a scheme T, a T-family oiS = 
1 semi-stable Z/2-0„-bundles together with frame structure is proper. 
This is equivalent to showing that a semi-stable family of quadratic 
vector bundles iVT,qT) where — deg(VT) < rank(\^)/2 is proper. Note 
here that the type of degeneracies of qt can be higher than one. This 
is the case of principal interest. 

1.3. Comments. We call the depth of a quadratic form q to be the 
depth of the sky-scraper sheaf V*/q{V). Then in the depth one case, 
the level structure can be alternatively recovered as the "— 1-eigenspace" 
from the Galois action on the fibers. Thus in Theorem 17.61 we deduce 
the properness of quadratic bundles in depth one case for any rank 
from the properness of the F — SO„-functor following the recent work 
say [1]. Note that this works for any degiV). But to tackle the case 
of higher depth of q we needed to put the restriction on — degiV). We 
are unable to do better. 

En route to the construction of moduli space, we needed to construct 
the moduli of framed modules [9, Huybrechts-Lehn] (or Level structures 
[TB] ) together with a Galois action. Since framed modules are known to 
pick up torsion in the limit, i.e a family of framed modules f : W ^^ S 
with W locally free generically may contain an object in the limit 
where W has torsion, so to be certain of the (semi)-stability conditions, 
we give details of the calculations. In retrospect most of them are 
straightforward generalizations of [9J. The semi-stability conditions 
appear with a parameter 6. When 5 > 15*1 then these spaces are empty. 
So we have often normalized 6 by length 15*1 of S*. 

In retrospect, using similar techniques it may be possible to con- 
struct a coarse moduli space intrinsically in terms of {V, q) i.e without 
reinterpreting them as Z/2-0„ bundles with frame structure. But it 
does not seem to lead to any simplification owing to the equivalence 
of functors. Moreover, since framed modules support a genuine or- 
thogonal bundle, so working with them seemed conceptually simpler, 
for example to define the equivalence between semi-stable objects and 
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semi-stability conditions. Further as a tool they were available [Hj, so 
we decided to use them for the construction of coarse moduli space. 
Also this approach clarifies the link between quadratic bundles and 
framed modules with orthogonal structure. The setting of [9] is for 
framed modules over a general projective scheme. Though our main 
application is over curves, but since the generalization of [9] to Galois 
situation follows easily, so we made the choice of casting results in that 
generality. 

The other main ingredient in this paper is to define the tensor prod- 
uct structure on framed modules. This is used in checking the proper- 
ness of various functors, both to construct the moduli as well as to 
show its compactness. 

We also show that our definition of (semi)-stability agrees with that 
in [6] for some suitable ranges in the values of the parameter to justify 
the sense in which we have generalised the result of [HI GS]. 

The preceding discussion also applies to pairs (V, q) where q : A'^V -^ 
X is an alternating form that is only generically non-degenerate. To 
avoid repetition, we have indicated the changes only when it is crucial. 

We have cross-checked our results when the framed structure is trivial 
(cf Remark ESD- 

1.4. Comparison with [7]. The setting of [7] is over a smooth projec- 
tive scheme. We recall |7J Definition 5.1] which defines an orthogonal 
sheaf as a pair {E, ip : Sym^ii^ — )■ Ox) where E is torsion free (083) 
and (fu '■ Eu — )■ Elj induces an isomorphism over the open subset U 
over which E is locally free (0S4). Note that since over curves, the 
notions of torsion freeness and being locally free agree, so effectively 
if is an isomorphism over whole of X. In other words, £" is a usual 
orthogonal bundle. However, we are interested in deg(K) < in which 
case q can never induce an isomorphism. 

1.5. Remark on Notation. We identify a vector bundle V with its 
sheaf of sections. The 2-uple {W, q') will always denote a vector bundle 
together with a everywhere non-degenerate quadratic form q' on some 
Galois cover and the notation (V, q) will signify that g is a quadratic 
form that is only generically non-degenerate. If \^ is a vector bundle on 
a curve X and x is a point of X, then we denote by Vx the localization 
of the locally free sheaf defined by V at the point x and by V{x) the 
quotient Vx/frtx. Similarly for a quadratic form q on V, we denote 
the localization by qx and the evaluation at x by q{x) and for a group 
scheme G — )■ X, the closed special fiber at x is denoted G{x). 
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2. Quadratic Bundles 

Definition 2.1. A quadratic bundle {V,q) is a pair where q : V ^ 
V* is a vector bundle homomorphism to the dual of V such that the 
composition of the natural isomorphism V — )■ [V*)* with the dual of q, 

namely q* : (V*)* — )■ V* identifies with q. 

Proposition 2.2. Let (V, q) be a quadratic bundle on X such that q 
is generically an isomorphism. Then putting S = V* /q{V), there is a 
natural isomorphism of the sky-scraper sheaves S ^ Ext^(5', Ox)- 

Proof. This follows immediately by applying the functor IIomx(— , Ox) 
to the short exact sequence O^V^V*^S^O and remarking 
that q* = q. □ 

Definition 2.3. A morphism between quadratic bundles 6 : (V^i, qi) — ?■ 
(V2, ^2) is an isomorphism 6 : Vi ^ V2 oi the underlying vector bundles 
such that the following diagram commutes 

Vi -^^ V* Si 

A 

I 

— - V2 ^^ v; ^2 — - 

Similarly, one can define the local automorphism group Auta;(V, q) of a 
quadratic bundle at x by taking the stalks at a point. It is gf e Aut(V^) 
such that 

(2.1) ^V^^^V: -^, -0 



9 g* 



k 
I 



V:, -^^ V: S, 

Remark 2.4. The general case of quadratic bundles q : Sym^l^ — )■ L 
with values in an arbitrary line bundle L on X can be reduced to 
this case by going to a 2-sheeted covering p : Y —^ X where p*{L) 
becomes the square of a line bundle M on Y. Then the moduli of 

{p*V, p* (q) , p* L) is isomorphic to p*{q) : Sjm'^{p*V) (g) M^^ -> Ox- 
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2.1. Formulation of the functor. We concentrate on quadratic bun- 
dles (V, q) such that q is generically an isomorphism. Let n be a fixed 
integer that denotes the rank of the underlying vector bundles. 

We now describe a datum that will be fixed throughout this paper. 
We fix 

(1) a line bundle L on X 

(2) a non-zero global section s G r(X, L^) 

(3) a sky-scraper sheaf S* on X which is a quotient of Ox 

such that the section s and the sheaf S satisfy the following compati- 
bility condition 

div{s) = length{S) . 

Let C denote the category whose objects are quadratic bundles {V, q) 
satisfying the following properties 

(1) q -.V ^V* is generically an isomorphism 

(2) the quotient V* /q{y) is a sky-scraper sheaf denoted S* on X 

(3) det(\/) = L-i 

(4) the natural map det(g) : det(V) — ?> deiiV*) comes from the 
section s G r(X, L^). 

Morphisms between such bundles are the usual morphisms between 
quadratic bundles. 

Let J^c '■ {Schemes}"^ — )■ {Sets} be the functor which to a scheme 
T associates the equivalence classes of 3-uples (V, g^, M) where V is a. 
vector bundle on X x T, g^ : K — )■ V* is a symmetric morphism, M on 
T is a line bundle satisfying 

(1) dei{V) = p\{L~^) (E) p*t{M) 

(2) V*/qT{V)=p\{S)®p*^{M) 

(3) For all t E T, the associated map qt : Vt ^ V/ induces the 
section s G r(X, L^) on taking determinants. 

We say that two 3-uples (Vi,gi,Mi) and (V2,g2,^2) are equivalent 
if 

(1) there exists a line bundle N on T 

(2) a global section r] G T{T, N"^) 

(3) an isomorphism : Vi — )■ V2 ^p^{N) 

such that the following diagram commutes 

V, '-^ ^V,* 



V2®pUN)^^y,*®pUN*) 

(92, P (V)) 



3. An equivalence of categories 

In this section we shall consider the following category. 

Definition 3.1. Let p : F — > X be a two-sheeted cover of X. Let 
{W, q') be a vector bundle on Y with an everywhere non-degenerate 
quadratic form q', such that the action of the Galois group Z/2 on 
Y lifts to {W,q'). Suppose furthermore that we are given a natural 
surjective homomorphism f : W ^ S1/2, where S1/2 is a sky-scraper 
sheaf on Y such that 

(1) support of Si/2 equals the ramification locus oi p 

(2) length of 5*1/2 equals the degree of the section disc oip : Y ^ X. 

(3) the induced action of Z/2 on Ker(/) is trivial along the fibers. 

We call such a data a Z/2-quadratic bundle on the curve Y with 
frame structure {f,S 1/2). Morphisms between such bundles are iso- 
morphisms of the underlying bundles that respect the quadratic forms 
and frame structures. Similarly, one can define local automorphism 
group Aut^/^((W, q') -)■ S1/2) by taking stalk at the point y eY. It is 
g e Anty^^{W) such that 

(3.1) Ker(g'), W; 8^/2^ 

I 



I 9 
f 



a* 
. Ker(g'), W; S^/2y 



We say that a T-family /^ : Wt -^ Py 5*1/2 is flat if /t 7^ for all t 
points of T. Let p : Y -^ X he a. Galois cover of smooth projective 
curves with Galois group F. Let J-'^^^^ : {Schemes}"^ — )■ {5*6^^} be the 
functor that to a scheme T associates a fiat T-family E = {W, q') — )■ 
Py(5'i/2) of orthogonal bundles on y x T along with a surjective mor- 
phism to ly — > Py(5i/2), such that for t G T the F-action oip -.Y -^ X 
lifts to Et and such that the induced F-action on Kei{W — )■ 5i/2) is 
trivial. 

Theorem 3.2. We have an equivalence of categories between generi- 
cally non-degenerate quadratic bundles (V, q) on X and Z/2-quadratic 
bundles with frame structure over two-sheeted covers of X. Moreover 
for any scheme T, the above correspondence is respected by families of 
objects parametrized by T. 

Proof. Let (Vr, 5't) be a T-family in J-^. The morphism det(gT) : 
det(VT) — !■ det(V^) of line bundles on T gives a global section st of 
det(V^)^. Now by 12.1( 3). for any t & T, the zero locus of St is the 
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same as zero{s). Let p : Yg -^ X he a. two-sheeted curve that reahses 
the square root of this section. We describe this construction more 
formally to introduce the notation. 

We denote by det(\/*) by L and p : Proj(Sym'(Cx © L^^)) ^ ^ by 
P. Let X be the section of Op(l) defined by the "first co-ordinate" map 

and y be the section of Op^p*{L) defined by the "second co-ordinate" 
map 

y.Ox-^ P*(Cp(l) ® P*{L)) = {Ox © L~^) ®L = L®Ox- 

Thus the section y"^ —p*{s)x'^ is a section of Cp(2) ®p*(L^). The curve 
Ys is defined as the zero sub-scheme of this section. We denote the 
projection onto X again by p and the zero locus of s by D. 

On X X T, denoting px '■ X x T -^ X , we have the following short 
exact-sequence that defines the sky-scraper sheaves 

(3.2) 0-^Vt^V^^ p*xS -^ 

(3.3) ^ deiiVr) ^ det(V^;) ^ Odi^is-r) -> 0. 

For any t E T, the following sets are equal : the degeneracy locus of 
qt, support of the divisor D , ramification locus ram(p) and the support 
of ^. 

Definition 3.3. Multiplication by the section y G Op{l) ®p*L defines 
the morphism m{y) : p*S — )■ p* S®0¥{l)®p* L ~ p*S, where for the last 
isomorphism, one uses local trivializations morphisms of Op(l) ®p*L is 
small neighbourhoods around points in the support oip*S. We define 
the "half S1/2 of the module p*{S) as the sub-module of p*S' generated 
by 

Img(m(y)*) n Ker(m(2/)*) 
for 1 < i < deg(s). 

The above definition shows the naturality of the definition of S'1/2. 

Proposition 3.4. The quotient module p*S/ S\/2 is canonically iso- 
morphic to S'1/2. So we obtain 

(3.4) 0^Si/2^p*S^Si/2^0. 

Proof. The claim can be checked at stalks, and the stalks decompose 
as direct sums. The direct sums have even depth. So it suffices 
to check when p*{S) = C[T]/r2". Now Img(m(?/)') n Ker(m(?/)^) = 
rpmax{i,2n-i}^j.yri.2n_ So the sub-modulc of C[T]/T2" generated, when 
i varies in 1, ■ ■ ■ ,deg(s), is T"C[T]/T^". Now (13. 4p follows immedi- 
ately. D 



Let us recall the Rees lemma in Homological algebra. 

Theorem 3.5 (Rees). Let i? be a ring and x G -R be element which is 
neither a unit nor a zero divisor. Let R* = R/{x). For a i?-module M, 
suppose moreover that x is regular on M. Then there is an isomorphism 
of 

Extl.{L*,M/xM) ^ Exf'^^L^M) 

for every i?*- module L* and every n > 0. 

Lemma 3.6. For any sky-scraper sheaf 5* on X we have Ext^(5', Ox) = 
S. 

Proof. Without loss of generality, we can suppose that the support of 
S is just one point p G X and that S = Ox,p/t'^ where t is a uniformizer 
at p. By the Rees lemma applied to t\ we have Ext x{Ox.p/t\ Ox) = 
Romo^jp{OxJt\Ox,p/f) = OxJt\ ^ D 

For convenience we denote Y xT ^^ X xT also by p. The extension 
class 

(3.5) [0 ^ p*Vt ^ p*V^ ^ p*yS ^ 0] G Extl,^^^{p*yS,p*VT) 

maps to an extension class in Ext^^ j.{PySi/2,p*Vt), which we denote 
by 

(3.6) 0-^p*V ^W ^ Si/2 -^ 0. 

In what follows, for sake of readability we omit T, as if T were we a 
point. The proof for an arbitrary T carry over word for word. 

The action of the Galois group Aut{Y/X) on p*V extends to its 
Hecke-modification W by "transport of structure" . 

Proposition 3.7. The quadratic form p*q on p*V extends uniquely to 
an everywhere non-degenerate quadratic form q' on W. 

Proof. Dualizing of the extension class (13. 6p , we get 

(3.7) O^W* ^ p*V* -^ Ext^(5i/2, Oy) -> 

We shall prove that the composite of p*V -^ p*V* with p*V* — )■ 
Ext^ (5*1/2, Oy) is zero, so by (13.71) . we would have a factorization 

p*V 

p'i 

W* p*V* Ext^(5i/2, Oy) 



p q 
■ u^ 
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Then we shall show that the composite of ql : W ^ p*V* with p*V* — )■ 
Ext^(5'i/2, Oy) is zero, so we would have the desired factorization 



W 

w* ^p*V* 



-Exti(5i/2,Oy) 



Firstly, since the extension fl3.5p arises from Id G }iom.{p* S , p* S) 
under the connecting homomorphism, so in Ext^{p*S,p*V*) its image 
is zero. This corresponds to taking the push-out of fl3.5p by p*q : p*V — )■ 
p*V*. It follows now by the commuting squares, 

}iom{p*S,p*S) Ext\p*S,p*V) Ext\p*S,p*V*) 



Hom(5i/2,p*S) Ext\Su2,P*V) Ext\Si/2,p*V* 



the push-out of (13. 6p by p*q : p*V — > p*V* becomes the trivial extension 
(3.8) ^p*V ^W -5i/2 -0 







P 9 

p*V*- 



P*V*®Si/2 



Sl/2 



0. 



The composite oi p*V — )■ p*V* -^ Ext^(S'i/2, Oy), corresponds to eval- 
uating by f G p*V to get push out of the bottom row of (13. 8p . Taking 
the push-out of (13.80 which is the trivial extension. 



(3.9) 



■p*iV)- 

ev(i;) 
Oy — 



■p*{V)(BSi/2 

\ ev{v) 
^ Cy © Si/2 - 



Sl/2 



Si 



/2 



we again get trivial extensions. This means, in other words, that the 
composite is zero. This furnishes the map gi : p*{V) — )■ W*. 

By the sequence (13.71) and (13.50 we get a natural surjective map 
p*S ^ Ext^(Si/2, Oy). By Lemma [Ml we have Ext^(Si/2, Oy) = S1/2 
and the sequence — )■ Ker — )■ p*S — )■ Ext^(5'i/2, 0y) — > identifies 
with (I33D because S1/2 is "half oip*S. We thus get 

0^p*V ^W* ^ Si/2 -^ 
Taking duals, we obtain 

O^W ^ p*V* -^ Ext\Si/2, Oy) -^ 0. 
10 



Thus the composite of g* with p*V* — )■ Ext^ (5*1/2, Oy) is zero. So we 
obtain a map q' : W ^ W* factoring p*q : p*V — )■ p*V*. Now q' is an 
isomorphism: this follows immediately from the short exact sequence 
(13.41) and the isomorphism 5*1/2 — Ext^ (5*1/2, Oy)- 

D 

Conversely, given fx : (Wt, q') — )■ Py5i/2, where py : F x T — )■ F, 
we take the Ker(/y) and restrict the quadratic form to this sub-sheaf. 
Now the action of the Galois group becomes trivial on the fibers of 
Ker(/T) and this bundle goes down to X x T along with the restricted 
quadratic form. 

Now in the following proposition we assume that T is a point i.e we 
check for objects in the category C. 

Proposition 3.8. Let y (^ Y and x = p{y). Then Autx{V,q) = 

AutJ/2((l^,g')^5i/2). 

Proof. Firstly the "half" sub- module 5*i/2 of p*{S) is canonically de- 
fined. So the inclusion 5i/2 — ?■ P*{S) provides an inclusion at the stalks 
at y, so pulling back (12. ip to F, we get 



(3.10) 











P*(K.) 



w* 

y 



T*(9) 



^''{a'-)\ 



P*(K.) 



W* 
y 



Sl/2, 







■^*(9*)\s^ 



Sl/2, 



/2 







This gives an element of KntyiW — )■ 5*i/2 
obtain the following diagram 



(3.11) 



vr*(V; 



vr*(V; 



W 



W 



w* 



w* 



After dualizing ( 13.10p . we 



7r*(\/;) 



Since the left and the right and the extreme most squares commute, 
therefore so does the one in the middle as VT is a Hecke-modification 
of T*{V). This shows that 'K*{g) G kniy{{W,q') -^ S1/2). Its Z/2- 
equivariance is formal. 

Conversely, any Auty''^{{W, q') — > 5*1/2) extends to an automorphism 
of 

^ (Ker(g'),glKcr(,')) ^ (^^^ ?') ^ Si,2 ^ 0. 
Now since the Z/2-action on W is compatible with 5*i/2, so the re- 
striction to Ker(g) is trivial along the fibers. Moreover since g G 
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Auty''^{W,q'), so its restriction to g'lxer also goes down to give a qua- 
dratic bundle on X. D 

It is a formal check that we have a bijection between isomorphisms 
between Vi and V2 that respect their quadratic structure and Z/2- 
equivariant isomorphisms of (Wi, q[) and (W2, q2) respecting their frame 
structures. This completes the proof of Theorem 13.21 

D 



4. Coarse moduli of T-Framed modules 

In this section (except the last subsection) we suppose more generally 
that p : y — )■ X is a Galois cover of smooth projective schemes with 
Galois group F. Let D be a F-invariant coherent (9y-module and 6 G 
Q[X] a polynomial with positive leading coefficient. 

Definition 4.1. A F- framed module is a pair consisting of a coherent 
Cy-module E invariant under F-action and a F-invariant homomor- 
phism a : E ^ D, called the framing of E. One calls ker(a) as the 
kernel of the F-framed module {E,a). We put e(a) = 1 if a 7^ and 
zero otherwise. 

We shall denote Pe{ji) = x{E{n)) the Hilbert polynomial of E and 
by P{E,a) = Pe — e(«)<5 the Hilbert polynomial of the pair {E, a). We 
put h\{E,a){m)) = h%E{m)) - e{a)S{m). 

Following [9], we recall that if E' is a coherent F-submodule of E 
with quotient E" = E/E', then a framing a : E -^ D induces framings 
a' = a\E' and a" on E" as follows: a" is zero if a' 7^ and it is the 
induced homomorphism on E" if a' is zero. 

Definition 4.2. A F-invariant homomorphism (p : [E, a) — )■ {E', a') 
of F-framed modules is a F-homomorphism of underlying modules : 
E ^^ E' for which there is an element A G C such that a' o (J)q = a. 

Definition 4.3. A F-framed module {E, a) of rank r is said to be 
(semi) stable with respect to 5 with reduced Hilbert polynomial p, if 
P{E,a) = rp and for all F-sub-modules E' where ^ E' y^ E, oi rank r' 
induced framing a', the following inequality holds 

P{E',a'){<)r'p. 

4.1. Semistable F-framed modules. Given a flat F-family of framed 
modules {Et.oit '■ Et -^ Dt), we can choose a flxed locally free co- 
herent F-module D^ and a surjective F-equivariant homomorphism 
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: Dt — !■ Dt with kernel B. Then following [9], to {EtiOlt) we 
associate {Et, dr) by pulling back: 



(4.1) 











^ ker(aT) 



Et^^Di 



OLT 



^ ker(ay) ^ Ex ^ D^ ^ 



B 



T 







B, 







The second row shows that Et is torsion free if the kernel of a is torsion 
free. This happens in particular if [E, a) is r-/i-seniistable. 

Lemma 4.4. If {E, a) is a F-framed module that can be deformed 
F-equivariantly to a framed module with torsion free kernel, then there 
is a morphism : {E, a) — )■ {G, /3) of F-framed modules , such that 

(1) {G, P) has torsion free kernel. 

(2) Pe = Pg- 



(3)P( 



{E,a) 



(G,/3)- 



(4) ker(0) = r(ker(0)). 

Proof. Let {E^, ar) be a T-flat family of framed modules with F- action, 
having the same Hilbert polynomial, where T is a smooth curve, such 
that {Eq, ao) — {E, a) for some closed point G T and such that 
{Et, at) has torsion free kernel for all t 7^ 0. We may further assume 
that at 7^ for all t &T. 

Let Dt be a locally free coherent module with F-action and (j) : Dt — )■ 
Dt be a F-equivariant map. We define a T-flat family {Et, c?r) with 
F-action as above. 

Since ker((5t) is torsion free for alH G T \ 0, so Et is torsion free for 
allt G T \ 0. Let f/ C T x F be the complement of the support of 5* : = 
T(ker(a;o)) = T{Eq). Notice that S and hence U is F-invariant. Let 
j : U ^>- T xY denote the inclusion map and let E' = j^{Et\u- Then E' 
contains no T-torsion and is hence fiat over T. In particular the fiber 
E'q has the same Hilbert polynomial as £"0. Moreover the canonical 
F-homomorphism Et — )■ E^ 



jrp induces a F-homomorphism E^ — )■ 
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which is an isomorphism on the complement of Y . Since Dt is normal, 
so dr defines a framing a'j, : E'j, — )■ Dt which coincides with dx on 
U . As in the proof of Simpson's lemma, E'q is torsion free and thus 
ker(Q;'o) is torsion free. Finally B maps injectively to E'q and setting 
G = E'q/ B with the induced homomorphism (j) : Eq ^ G and the 
framing 13 : G ^ D we are done. D 

Lemma 4.5. If {E, a) and {E', d) are F-stable with the same re- 
duced Hilbert polynomial p, then any non-trivial r-homomorphism 

(j) '■ {E, a) — )■ {E', d) is an isomorphism. Moreover we have 

Rom{{E,a),{E',d)) - C. 

If a 7^ 0, then there is a unique isomorphism 0o with a' o 0o = «• 

Proof, (standard) Suppose : {E, a) — > {E', d) is a non-trivial F- 
equivariant homomorphism. The image F = img(0) inherits framings 
P and P' when considered as a quotient of E and as a sub-module of 
E', respectively. Let us remark that if /?' 7^ then /3 7^ and /3' = \(3 
for some A 7^ 0. In any case, one has 

rank(F)p < -P(f,/3) < P{f',/3') < rank(F)p 

therefore equality holds in all places. Owing to F-stability, this implies 
that _E ~ F ^ _E', that a = /3 o 0, that (3' = d and that /3 and 
P' differ by a non-trivial factor. Hence is an isomorphism of F- 
framed modules. For the remaining assertions, it suffices to show that 
Aut{E, a) = Cld^;. Suppose that is an automorphism of {E, a). Let 
X be any point in the support of E and let n be an eigenvalue of 
restricted to the fiber E^. Then — nld-E is not surjective at x and 
hence is not an isomorphism. So — fild-E must be zero by the first 
part of the proof. D 

The filtration in the following proposition is the 'Jordan-Holder Fil- 
tration' in the case of F-framed modules. 

Proposition 4.6. Let {E, a) be a F-semistable framed module with 
reduced Hilbert polynomial p. Then there is a filtration 

E, : = Eo C El C ■ ■ ■ C Es = E 

such that all the factors gri{E,) = Ei/Ei^i together with induced fram- 
ings ctj are F-stable with respect to 6 with reduced Hilbert polynomial 
6. The F-framed module {gr{E),gr{a)) = Q)i{gri{E),ai) is indepen- 
dent of the choice of the Jordan- Holder filtration upto permutation of 
factors. 
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Proof. The proof is the standard as in the vector bundle case (cf [HI 
Prop 1.13]) with the extra ingredient the following lemma: 

Lemma 4.7. [9l Lemma 1.12] Let F G G G E he a coherent module 
and a a framing of E. Then the framings induced on G/F as a quotient 
of G and as a submodule oi E/F agree. 

D 

Definition 4.8. Two F-semistable framed modules {E, a) and {E', a') 
with reduced Hilbert polynomial p are called S'-equivalent, if their as- 
sociated graded objects {gr{E),gr{a)) and {gr{E'),gr{a')) are isomor- 
phic. 

We remark that F-stable framed module form ^'-equivalence class by 
themselves. 

Remark 4.9. Notice that at most one of the framings in gr{a) non- 
zero. 

4.2. Equivalent conditions of F-semi-stability. In this section we 
wish to state a technical results (Theorem 14. lip which logically cor- 
responds to Theorem [9l Theorem 2.1]. The proofs in ^ Section 2 
Boundedness] generalise in a straight forward way. So we only state 
the results. 

Amongst the families of F-framed modules having torsion free kernel 
and satisfying the the following condition: 

(1) we denote by S'^ those that are stable, 

(2) we denote by 5^ those {E,a) such that P{m) < h^{{E,a){m)) 
and h^{{E',a'){m)) < r'/rP{m) for all F-sub-modules {E',a') 
of rank r', where ^ E' ^ E. 

(3) we denote by 5*;; those {E,a) such that h°{{E",a"){m)) > 
r" /rP{m) for all quotient F-modules (-E", a") of rank r" where 
E^E" ^ 0. 

The lemma below is an ingredient in proving Theorem 14.111 

Lemma 4.10. There are integers C and mi such that for all framed 
modules (i?, a) in the family S = S'^ U ^m>m.iS'^ and for all saturated 
F-sub-modules {E\ a') the following holds: deg{E') — r'fip < G and 
either —G < deg{E') — r'ftp or 

(1) /i°((E',a')M) < r'/rP{m) if (E, a) G S' and m > mi 

(2) r" jrP < P(E",a") if {E, a) G S'^ for some m > mi. 

Here r' and r" denote the ranks of E' and E" respectively. 
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Theorem 4.11. There is an integer rriQ such that the foUowing proper- 
ties of F-framed modules having torsion free kernel with Hilbert poly- 
nomial P are equivalent for m > niQ: 

(1) {E, a) is F-semistable. 

(2) we have P{m) < h^{{E,a){m)) and 

h\{E',a'){m)){<)r'/rP{m) 

for all F-sub-modules {E', a') of rank r', where ^ E' ^ E. 

(3) /i°((E",a")(m))(>)r'7rP(m) where {E",a") is a quotient F- 
module of rank r" and E ^ E" ^ 0. 

Moreover, for any framed module satisfying these conditions, E is m- 
regular. 

As a corollary to the above theorem we have 

Lemma 4.12. If (-E, a) is a semistable F-framed module, m > itiq an 
integer, and (£", a') a submodule of rank r' such that h^{{E', a'){m)) = 
r'/rP{m), then {E',a') is semistable with reduced Hilbert polynomial 

P/r. 

4.3. Moduli of F-framed modules. In this section we construct the 
moduli of semi-stable F- vector bundles with frames. Let V^ be a vector 
space of dimension PQ^m). We denote HilhiV ® Cy(— m),Po) by H, 
Grass{V®H^{Y,OY{l-m)),Po{l)) by Q and P(A^°(')(\/®i7°(C»y(/- 
m)))) by Pj. For sufficiently large /, we have closed immersions H — )■ 
Qi — )■ Pj. Let L denote the restricted ample line bundle on HI and 
let P = P(Hom(y,i7^(D(m)))*). Let Z' C H x P denote the closed 
sub-scheme of points {[q : V ® Oyi-m) -^ F],[a : V ^ i^y(D(m))]) 
for which we have a factoring 

(4.2) Oy(-m)(g)\/ ^ H^{D{m) ® Ovi-m)) 



that induces the framing a : F ^ D. The action of F lifts to Z'. 
We let Zp C Z' denote the sub-scheme fixed under F. The group 
SAutriy) = Autr(^) H SL(l^) acts diagonally on Zf and the line 
bundles Oz'{ni,n2) = Pe-^"^ ^ p^O{n2) carry natural SAutr{V) lin- 
earizations. 

The following proposition is an analogue of a similar one p^ Prop 
3.1]. 

Proposition 4.13. For sufficiently large /, a point {[q], [a]) G Zf is 
semi-stable with respect to the linearization Oz' {ni,n2) if and only if 
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for any non-trivial proper F-linear subspace V of V, generating the 
subsheaf F' C F, we have 

dimV'{niPo{l) + n2){<) dimV{niPF'{l) + n2e{a\F')). 

Proof. We begin by describing A : Gm — ^ Autr(V^), 1-parameter sub- 
groups . If V decomposes as ©m^Vi, then any element of Autr(^) pre- 
serves the iso typical components {V^®™'}. So this group is isomorphic 
to ]^GL(Tnj). Let ki denote dim(Vi). Therefore a 1-parameter sub- 
group A decomposes as (Aj)jg/ where, denoting Idj the identity matrix 
of size ki, each Aj : G^ -^ Aut(V^®"^') is given by 

/r^iid, \ 

r«id,- 



V r»-Jdi/ 

Therefore any 1-parameter subgroup A(t) of SAut-piV) can be writ- 
ten with the additional constraint 

Since any F-automorphism of Vi is a scalar, so each number r, appears 
ki times for each i. We W = H%Y,0{1 - m)) and p = h%Y,F{l)). 
Now q induces F-homomorphisms q' : V ^ W -^ H^{Y,F{1)) and q" : 
AP(y ^W) -^ det H'^iY, -F(O)- Furthermore for a F-subspace U of V, 
the image of f/ ® W^ is a F-submodule F' of F. 

If {wi, ■ ■ ■ , Wt} is a basis of W, then a basis for A''(V ® VT) is given 
by 

uij = {ui^ ^WjJA--- A{ui^ (g) Wj^) 

where / and J are multi- indices satisfying ia < ia+i- 

We order the {vij} in increasing order. This induces a reordering 
of the basis vectors of V which we denote as {vij}. For the sake of 
convenience in the proof, we also keep in mind a order of the basis 
vectors, compatible with the previous order, by a single index to be 
able to apply a semi-stability criterion. 

Now Gm acts on A^CV §>> W) via A as follows 

\{t)uiK = t^'uiK,1i = y^^lic,- 

a 

Now let 

/x(g". A) = mm{7/|there exist/, -ft'withg"(-U7x) 7^ 0}. 
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This number can be computed as follows. Let denote the function 
that to t associates dimg'(< fi, ■ ■ ■ ,Vt > ^W). Then 

Mg",A) = - ^7,(0(^)- 0(^-1)). 

l<i<p 

Similarly, if we take /i(a, A) = — mm{7j|a(f j) 7^ 0}, then /i(a, A) = — 7,- 
where r = min{i\a{< fi, ■ ■ ■ , f j >) 7^ 0}. 

Now {[q], [a]) is a semi-stable point if and only if for every 1-parameter 
subgroup A, one has 

ni/i(g", A) + n2/i(a, A)(>)0 

or equivalent ly, 






ni 2^ 7i(0(O - 0(^ - 1)) + ^27r(<)0. 

l<i<p 

Let {eii,ei2,-- ■ ,eifc,,e2i,-- • ,62^2, •• • ,emi,-- -emfc™} be a F-basis of 
V such that the associated characters are in increasing order. Keeping 
such basis fixed for the moment, it is enough to check the inequality 
for the special weight vectors 

which spans the cone of all weight vectors. For 7*^*^ the inequality is 
equivalent to 

ni{{i - p)(f){i) + i{p - 0(i)) + n2pr < 0. 

Now observe that if a(< vi,- ■ ■ ,Vi >) ^ 0, then the least r for which 
a(< f 1, ■ ■ ■ , f,- >) 7^ is less than i and therefore '-/r = i — P, while if 
a(< f 1, ■ ■ ■ , fj >) = 0, then the least r for which a(< f 1, ■ ■ • , f^ >) 7^ 
is greater than i, so 7,- = i. Correspondingly we get 

i{nip + n2)(<)p(ni0(i) + n2e{i)) 

where e{i) = 1 if a(< f 1, ■ ■ ■ , f j >) 7^ and otherwise. 

Having now got rid of the weights, we can now vary the F-bases, 
since the inequality depends rather on the flag than on the particular 
F-bases. The criterion takes the form: ([g], [a]) is a semi-stable point if 
and only if for all non-trivial F-subspaces V of V one has 

dim(\/')(nip + n2) < dim(\/)(ni dim(g'(\/' ®W)+ n2e{y')) 

where e(V"') = 1 if aiV') 7^ and otherwise. 

Now let F' denote the F-submodule q{y' ® Oy{—itl)) of F. The 
family of all such sub-modules, including F itself, for varying F and V 
is bounded. Hence for / sufficiently large, all these F' will be /-regular 
and therefore the equality q'{V' ^ W) = H^{Y,F'{1)) holds and this 
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vector space has dimension Pfi{1). In this case, the level structure 
a : F ^ D vanishes when restricted to F' if and only if a{V') = 0. 
Hence e(V) = e(a|i?/). This finishes the proof. D 

We recall that Pq is the polynomial P — 6. 

Proposition 4.14. For sufficiently large /, a point ([g], [a]) G Z^ is 
semi-stable if and only if (F, a) is F-semi-stable and q induces the 
isomorphism V — ?■ H^{Y, F{m)). 

Proof. Notice that if ([g], [a]) is F-semi-stable, then the associated map 

V — )■ H^{Y,F{rn)) must be injective. This can be seen as follows. Let 

V = ker(\/ -^ H%Y,F{m))) then V is F-stable and q'{V' ^W) = 
and €{V') = 0, so by proposition 14. 13[ which have 

(4.3) dim{V'){niPo{l) + ris) < dim{V){niPF'{l) + n2e{a\F')). 

Here F' is the sub-module generated by V'®OY{—m) and is hence zero. 
So Pf'{1) = and e{a\F') = 0. Therefore dim(\/)(niPo(0 + ^2) < 0, 
which implies that dim(y ) = 0. Hence we can think of V^ as a subspace 
of if°(r,F(m)). 

Since the family of modules F' generated by arbitrary subspaces V 
of V is bounded, so the set of polynomials Pp/ is finite. Hence choosing 
/ sufficiently large, and thinking of quotients ^ = P{l)pn^ — S{1) as a 
quotient of /, the inequality 14. 31 holds for a special value of / if and only 
if it holds for the polynomials. Hence we may substitute Pp&) — ^ for 

For convenience we drop the restriction that 'F is generated by sub- 
spaces of V^ and we define V = V Ci H^{Y, F'{m)) for any non-trivial 
proper sub-module F' <Z F instead. 

Now we may restate the semi-stability criteria as: the point ([g], [a]) 
is semi-stable if and only if for all non-trivial proper F-submodule F' C 
F with induced framing a' = a\F', we have 

(4.4) dim V^'(l + §P^)P < Po{m){P^F',.') + e(«')-^^) 

Now we pass to the leading coefficient of the polynomials to derive 
the inequality 

(4.5) dim V - e{a')5{m) < rank(F') ^-^ 

r 

Thus for any quotient module F" = F/F' with the induced framing, 
we get 

h\{F",a"){m)) > dim(\//\/') - e{a")6{m), 
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which equals (dini(y) — e{a)6{'m)) — (dini(l^') — e{a')6{m)), which by 
the hnearized inequahty 14.51 is greater than P{m) — rank(F')— ^ = 

rank(F")^. 

By the definition of Z, the F-framed module (F, a) deforms into a 
T -framed module with torsion free kernel, so that we can apply Lemma 
14.41 to F and conclude that there is a morphism of framed modules 
: (F, a) -)■ (G, (3) such that 

(1) Pf = Pg 

(2) e(a) = e(/3) 

(3) ker(0) is torsion 

(4) ker(/3) is torsion free 

Let {G" , f3") be any quotient of {G, (3). Let F" denote the image of F 

under F ^^ G ^^ G" and a" the framing of F" induced from a. Then 
one has 

/i°(G",/3")(m)) > h\{F'\a"){m)) > rk{F")^^ = rkiG")^^"^^ 



rk{G) 



By Theorem 14. IH we have (G, /3) is semi-stable. Now take {G", (3") 
as (G,/3). So the equality above holds everywhere. This means that 
Im(j){{F, 13)) C {G,P) has as many global sections (after a sufficient 
twist) as (G, (3). Now since (G, f3) is globally generated, so Im{(j){F, a)) 
is actually equal to (G,/3). Since F and G have the same Hilbert 
Polynomials, so is an isomorphism. So {F, a) is semi-stable and 
V — )■ H^{Y,F{m)) is an isomorphism, by counting dimension. 

Conversely Theorem 14.111 and Lemma 14.121 state that if {F, a) is 
semi-stable (and q is given by some isomorphism V -^ H^{F{m)) ), 
then for any non-trivial proper sub-module F' of rank r', one has 

h\(F',a')(m)) < -P{m) 
r 

unless both (F, a) and (F', a') are semi-stable, in which case only equal- 
ity holds. 

In the first case, a strict inequality of the leading coefficients will also 
give a strict inequality of polynomials 

h\F\m)){l + ^)P < Po{m){P^F',a') + e{a')§p\p). 

Hence if (F, a) is F-stable, then ([g], [a]) is F-stable, too. 

If (F, a) is F-semistable, but not F-stable, again strict inequality will 
hold except the case of a destabilizing F-semistable submodule (F", a"). 
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In this case h^{F'{m)) = Ppi{m) and 



h\F\m)){l + ^)P = Po(m)(P(^, .0 + e{a')^P). 
F[m) r[m) 

This proves the proposition. 
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Proposition 4.15. There exists a projective scheme A^** and a mor- 
phism 7r : Z''* — )■ M.^^ which is a good quotient for the SL(y) action 
on Z*''. Moreover, there is an open subscheme Ai'^ C M.'^'^ such that 
Z* = 7r~^(A^**) and vr : Z'^ — )■ M.'^ is a geometric quotient. Two points 
([g], [a]) and ([g'], [a']) are mapped to the same point in M.^'^ if and only 
if the corresponding F- framed modules are ^-equivalent. 

Proof. The first two statements follow from [11, Prop 3.2 and Thm 
1.10]. Now we show that any semi-stable F- framed module (F, a) corre- 
sponding to a closed point ([g], [a]) can be deformed into its graded ob- 
ject. Suppose that (F', a') is a destabilizing F-sub-module and (F", a") 
is the quotient module. We consider the following diagram of exten- 
sions parametrized by the afiine line A^ obtained by pull-back 



(4.6) F' ® Cai 



F- 



^ F" ® Cai ^ 

t 
F' ® Cai F ® Oai F" ® Oai 

Now J-" inherits the framing a : J^ ^ D®Op^i from F"^O^i if a" ^ 
and from F' O^i otherwise. Then {J'q, oq) — (F, a') © (F", a") and 
( j;, at) ~ (F, a) for all t ^ 0. 

Moreover V = (prAi)*J^ is locally free of rank P{m) and we can 
choose an isomorphism V ® O^i ^ V. Thus we get a morphism ip : 
A^ -^ Z^^ such that ^(A^ \ 0) lies in the orbit of ([g], [a]) and ^(0) 
corresponds to (F', a') © (F",a"). Repeating the above construction, 
we can show that the closure of the orbit determined by a semi-stable 
framed module contains points corresponding to its claimed "graded 
object" . 

To conclude the proof, it suffices to show that orbits corresponding 

to "polystable" F-framed modules are closed, since closed orbits are 

separated by a good quotient map. We shall show that if [Ft-, /3t) 

is a flat family of semi-stable framed modules parametrized by some 

smooth curve T such that all fibers (Fj , /3t) for t 7^ are isomorphic to 

a given polystable F-framed module, then the same holds at the special 

fiber (Fo,/3o). 
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So suppose that {Ft, jSt) ~ ©Lo(^i' "i)®"" ^^ ^ 7^ 0- Note that 
precisely one a^ is non-zero, say i = and that fo = 1. We have 



dim Hom{{Ei, ai) , {Ft, f3t)) 



for all t 7^ 0. Hence by Lemma 14.161 dim. HomUEi. a,). (Fo,/3o)) > vi. 
Now we can define a homomorphism of F-framed modules 



: (-Eo, ao) 



.i(E„Or'^(Fo,/3o) 



by choosing Vi independent F-homomorphisms for each i. By Lemma 
14.51 the map must be an isomorphism. D 

Lemma 4.16. Let {E,a) and {F, /3) be fiat families of F-semi-stable 
framed modules parametrized by a scheme T of finite type over C with 
the same reduced Hilbert polynomial p. Then the function 

t h-^ dimfc(t) Homr((-Ei, at), {Ft, A)) 

is upper semi-continuous in t G T. 

Proof. Let Ft be a coherent F-sheaf on Yj- = Y x T. Let us firstly 
show that H\Yt,T,Ft) = H\X,pl{F)). Recall that pl{F){U) = 
F{p-^UY. We have a spectral sequence i?Pp,oi?9F(F) => RP+'^{pl){F). 
But in characteristic zero, taking F-invariants is an exact functor, so 
W^r = for g > 0. And since p is finite, so pt is finite and thus it is 
affine. Thus -R^p* = for p > 0. Thus R^{p\) = for n > 0. Now we 
have functors 



ry 



(4.7) {F-sheaves onF} s- {F-modules} 



{Abelian groups} 



ifO(F, F) 



H%Y,F)^ 



P* Tx 

(4.8) {F-sheaves onF} ^ {sheaves onX} s- {Abelian groups} 



-^H%X,p]:{F)) 



F >-pI{F) 

Thus H%Xt,pI{Ft)) = R%Tx opI){Ft) = R'{ToTy){FT) which by 
definition equals H^{Yrp,r,Fj'). Thus one has the Grothendieck com- 
plex P* of finite free A-modules bounded above and which calculates 
the cohomology of W{Yt,T,Ft). Therefore using P' and following 
the arguments in [H chapter 3, Section 12], we see that the function 
t H- dim.K(t) H''{Yt, F, Ft) is upper semi-continuous. 
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Step 2: Since the question is local on the base T, so we may suppose 
that T = Spec (A). Now suppose that /3 : F — )■ D is a r-homomorphism 
of flat families. Then there is an induced morphism 

pl{Rom{E,F))^pl{Rom{E,D)) 

Let Pp and PJ be the Grothendieck complexes of F and D respectively. 
Recall that these complexes have the property that the diagram 

(4.9) h\P'p®M) ^h\P^®M) 



H'{Yt, r, Hom(E, F (g) M)) ^ H\Yt, T, Hom(E, D ® M)) 

commutes for any A-module M. 

Step 3: Suppose (i?, a) and (F, (5) are flat families of framed modules. 
Let a G P^j^m ^^ ^ cycle that represents the framing 

a e Romr^AiE, D (g) M (g) Or) = h^iP'o^A)- 

Then a gives a chain homomorphism 

a:A*^Pl) 

where A* is the complex concentrated in zero with A^ = A and A* = 
for i 7^ 0. Consider the homomorphism 

tp = [p, —a) : Ppi^M ® A ^ Pd®m 

and let C{il)) denote the associated mapping cone. From the short 
exact sequence 

^ PmM ^ C{i;r ^ (P;^^ © A')[l] ^ 

we get = H-^{Yt, V, Hom(F, D ® M)) ^ h-\C{^y ® M) 

-^ Romr-AiE, F ® M) ® M -^ Homr_A(-E, D® M). In particular for 

any t G Spec(A) and M = k{t) there is a pull-back diagram 

(4.10) h-\C{^y®k{t) ^k{t) 

at 

Romr-k(t)iEt, Ft) -^ Hom(Pi, D ® k{t)) 

By considering the cases e{at) = and 1 individually, we check 

dim{Rom{{Et,at), {Ft, /3t)) = dimh~\C{^y ® k{t)) - 1 + e(a,)- 
This shows that the function 

t -> dimfc(t) Homr((-Ei, at), {Ft, /?<)) 
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is upper semi-continuous. By assumption at is zero either for all t G T 
or for none. This finishes the proof. D 

Theorem 4.17. Let 6 G Q[m] be a polynomial with positive leading 
coefficient and of degree strictly less than dim(X). There is a projective 
scheme M.f{Y — )■ X,D,P) which is a coarse moduli space for the 
functor which associates to a scheme T the set of isomorphism classes 
of fiat families of semi-stable F-framed modules defined over T with 
Hilbert polynomial P. Moreover, there is an open subscheme Aig{Y —^ 
X,D,P) which represents the subfunctor of families of stable F-framed 
modules, i.e M^iY — > X,D,P) is a fine moduh space. A closed point 
in Aif{Y — )■ X, D, P) represents an S'-equivalence class of semi-stable 
F-framed modules. 

Proof. Suppose T is a scheme parametrizing a fiat family {Ft, ot) of 
F-semi-stable framed modules. Let m be as in the beginning of the 
section. Then V = {pt)*{,Ft ®PyCy(m)) is a locally free sheaf of rank 
Po(^) on T, and p^V — )■ Ft is surjective. Moreover the framing ut 
induces a homomorphism 

ot-.V ^Ot® H^{D{m)) 

Covering T by small enough open subschemes Tj, we can find trivial- 
izations V ® Ot -^ Vt^ invariant under F where V^ is a vector space 
of dimension H^{Yt, Ft ® PYOY{iTi)) for t G Tj. The composition with 
these trivializations gives a F-invariant homomorphism 

V®Ot,^xV\t, ^F\t, 

and 

ar.V(g)OT,^ H\Y, D{m)) ® Ot,, 

which gives a morphism /j : Tj — )• Z' C HI x P. Moreover by Proposition 
I4.14[ fi{Ti) C Z'^^ C Z' . The trivializations of V over the intersections 
Tij of two open sets Tj and Tj differ by a morphism Tjj — )■ GLiV) i.e 
fiWij = gfjW^j- Therefore under the quotient map Z'^* — )■ A^'*'^, the 
images of the morphisms /j and fj coincide on T^j and thus glue to 
furnish a global morphism 

J:T ^M''. 

If the family {Ft, ot) consists of stable framed modules, then we have 
/(T) C A^*. Thus we get a natural transformation of functors 
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If A^ is any other scheme with a natural transformation Ai^ ^ — )■ /iat, 
then the tautological family over Z^'^ defines a SL(y)-invariant mor- 
phism Z^^ — )■ A^, which factors through Z^^ — ;■ A^^* to furnish the map 
A^*^ —s. jv. This shows that Ai'^^ is a coarse moduli scheme. 

By Luna's etale slice theorem, by taking etale slices to the SL(V^) 
action on Z'"^, we can find an etale cover A^' — )■ A^'' over which a 
universal family {F',a') exists. Let Ai" = Ai' Xj^s At'. Take an 
isomorphism, $ : pl{F',a') — > p2{F',a') which is normalized by the 
requirement that p^a' o $ = pg*^'. The uniqueness result of Lemma 
14.51 implies that $ satisfies the co-cycle condition of descent theory. 
Therefore {F',a') descends to a framed module on Al'^. The assertion 
that closed points of Al|'' correspond ^-equivalence classes now follows 
from Proposition 14.151 D 

5. Tensor product of Framed modules on curves 

Definition 5.1. Let fi : Vi ^ Si and /2 : V2 — )■ 5*2 be two framed 
modules. We define {Vi, fi, Si) ® (V2, /2, >S'2) as 

/l ® Idy^ + Idvi ^ f2-Vi®V2^ S 

where 5 "^ 5*1 ® V2 © Vi 6*2 is defined as 

(5.1) S={a®beSi(^V2®Vi^ S2\{lds, ® /2)(a) = (/i ® lds,){b)}. 

Proposition 5.2. If {W, /) is semi-stable then ker(/) must be torsion 
free. 

Proof. This follows by applying the definition of semi-stability of framed 
modules to the submodule ker(/) fl Torsion(W) C W. D 

Proposition 5.3. li f : W -^ S1/2 is a 5 = 15*1/21 -semi-stable framed 
module then the framing / must be surjective. 

Proof. This follows by observing that deg(ker(/)) = deg{W) — |Img(/) | , 
and applying the semi- stability condition. D 

Proposition 5.4. A framed module (V,/, 5), where / : V — )■ S* is 
surjective, is 5 = |S'|-(semi)stable if and only if ker(/) is a (semi)stable 
vector bundle in the usual sense. 

Proof. Suppose that (V, /) is (5-(semi)stable. Notice that 

deg(ker(/)) = degiV) - xiy)5. 

Now for any subbundle W C ker(/) we have xiW) = 0. So ker(/) is 
(semi)stable follows by Definition 14. 3[ 
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Conversely suppose that ker(/) is semi-stable. Then for any subsheaf 
W of V, let Wi = keriW -)■ S). Now V is 5- (semi) stable follows from 

deg{W) - xiW)S_ < deg{W,) - x{W,)S deg{W,) 



rank(iy) 



< 



rank(iyi) rank(iyi) 

deg(ker(/)) deg{V) - x{V)6 



rank(ker(/) 



rank(V) 



D 



Remark 5.5. Since a vector bundle is F-semi-stable if and only if it 
is semi-stable, hence we get that a F-framed module over a curve is 
F-semi-stable if and only if the it is semi-stable for 6 = 1. 

Proposition 5.6. Let /i : Vi — > ^i and /2 : V2 — ;■ 5'2 are 6 = \Si\ (resp 
15*21) (semi)-stable framed modules where /i and /2 are surjective. Then 
(Vi, /i, Si) (V2, /2, >S'2) is IS"! (semi)-stable (here S is as in Definition 

EH). 



Proof. Firstly by Propositions 15.21 and 15. 4[ it follows that ker(/i) = Ki 
and ker(/2) = K2 are (semi)-stable vector bundles. Now we show that 



(5.2) 



ker(/i ® ldv2 + Wvi ® /2) = i^i ® K2. 



The inclusion C is clear. For the other inclusion, consider the following 
diagram and let f G V^i ® V2 be in the kernel. Consider the following 
diagram where all the horizontal arrows on the right are surjective. 

= Tori{Vi,K2) - 



= Tori{Vi,K2) s- = Tori{Si,K2) 



Tori{Ki,S2) = 



^ Ki(^K2 



Tor-i_{Vi,V2) 



-^Tori(V\,52) 



^Vi®K2 



Tori(Vi,V2) 



Tori(yi,52) 



-^Tori(Si,V2) 



XiCgiVz 



Tori(5i,52) 



-^ ii"! ® 52 



-^ Vi ® V2 



yiis>S2 



-^0 = Tori(Si,K2) 



-^ Ton (5i,F2) 



Ton (Si, 52) 



-^ 5l «) i^2 



^ Si<^V2 



-^ 5i «) 52 
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Then f G Vi (x) V2 comes from an element Vi in Ki ^ ¥2- The im- 
age of Vi in Ki (g) 5*2 comes from an element V2 G Tori (5*1, 6*2). Now 
since Ki and K2 are torsion free by Proposition \5.2\ so the morphism 
Tor{Si, V2) — )■ Tori(S'i, S'2) is an isomorphism. Now one can lift V2 to 
Tori{Si, V2) and use it to alter vi so that vi still lifts v but its image 
in Ki ® S'2 is zero i.e vi comes from an element in Ki ® K2 as desired. 

By the tensor product theorem for vector bundles, it follows that 
Ki ® K2 is (semi)-stable. Now by Proposition 15.41 it follows that 
{Vi, /i, Si) (g) {V2, /2, ^'2) is (semi)-stable. D 

Definition 5.7. Let f : W ^ Sw be a framed module. Following nota- 
tion of lS.H we define its second symmetric product as /i : Sym^iy — )■ Si 
where /i is the restriction of / Idw © Idw ® / to Sym^iy ■-)■ W^ © W^ 
and Si C S consisting of fixed points of the involution i on S' in- 
duced by the exchange oi W ^ S with S ® W. More precisely on 
Sw (^W(BW® Sw consider the involution / defined on indecompos- 
able tensors as si ® wi -|- W2 ® S2 1— )• S2 ® 1^2 + wi ® si. We have Is = i- 
Similarly we define the second wedge product as /a : A'^W — )■ S\ where 
S'a C S* consists of the — 1-eigenspace of i- action on S. 

Proposition 5.8. li f : W ^ S is a 6 = 1 semi-stable framed module, 
then in the notation of Definition 15.71 /i : Sym^Vl^ — )■ Si is also 6=1 
semi-stable. Further ker(/i) = Sym^ker(/). Similarly f\ : A'^W — )■ S'a 
is also 6 = 1-semi-stable and ker(/A) = A^ker(/A). 

Proof. It is easy to see that the framing map /i is actually surjective. 
We can further check that if V^ = ker(/) then Sym^\^ = ker(/i). Now 
since 5 = 1, so V^ is a semi-stable vector bundle. Thus so is Sjm^V. 
This implies that for 5 = 1, /i : Sjm^W — )■ S'l is semi-stable by 
Proposition 15.41 The last assertion follows from (15.21) . D 

6. Construction of coarse moduli space of F-orthogonal 

bundles with frames 

In this section, it will be convenient to normalize S by dividing it by 
the length of the sky-scraper sheaf [S'l. Thus the moduli is empty if 
6>1. 

Remark 6.1. With 6 = 1, for any framed module f : W ^ S1/2, 
ker(/) is always destabilizing. But in checking stability we shall ignore 
this sub-sheaf. 

Now we specialize p : F — >■ X to be a Galois cover of smooth projec- 
tive curves. 
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Definition 6.2. Let {W, q') be a F-Orthogonal bundle on Y with a 
surjective homomorphism f : W -^ S1/2 to a sky-scraper sheaf 5*1/2. 
We shall say that (W, q', f) is (5-semi-stable if the underlying framed 
module f : W ^>- S1/2 is (5-semi-stable as a framed module. 

Remark 6.3. This definition of (semi)-stability above is a direct gen- 
eralization of the definition stated in Huybrechts-Lehn j9i HL] and 
Seshadri [Ml CSS]. 

Corollary 6.4. For (5 = 1, if 1 5*1 and rank(14^) are coprime then semi- 
stable points are stable too. 

In this section we are interested in constructing the coarse moduli 
space for the functor Tq^'^' for 5 = 1 which parametrizes semi-stable 
objects in T^^^ . 



6.1. Punctorial properness of the evaluation map. In this section 
we prove a T-equivariant analogue for orthogonal-framed-modules of 
[21 Proposition 2.8 BS]' by evaluating at many points. 

In the following proposition we take G = GL„ and H = On- Notice 
that for any 6 a semi-stable framed module f : W ^ S1/2 cannot admit 
non-zero maps from line bundles of arbitrary degree. An explicit bound 
for degree is S\Si/2\{l — ^^)- Similarly /i : Syiii^W — )■ Si is semi-stable 
for (5 = 1 if / : H^ — )■ 5*1/2 is so. So ker(/i)* is a semi-stable vector 
bundle of positive degree. Thus again it is possible to give the bound of 

1 .^''^j.^^ such that Sym^iy* does not admit non-zero maps from line 

rank(ker(/i)) ■' ^ 

bundles of higher degree. We call such an integer m in the proposition 
below. 



Proposition 6.5. Let p : Y ^ X he a Galois cover of smooth pro- 
jective curves with Galois group F. Let Fh,g '■ {Schemes} — )■ {Sets} 
be the functor that to a scheme T associates the set of isomorphism 
classes of pairs (/t : Wt — )■ PtSi/2,st)'- where /t : Wt — )■ PtSi/2 = 
{ft '■ Wt — !■ 5i/2}teT is a T-family of semi-stable F-framed modules 
on Y and st is a F-equivariant section of Sym^PV^ -^ Y x T* that is 
everywhere non-degenerate. In other words, it is an orthogonal bundle 
on F X T*. 

Let 7?. C X be a collection of m point outside of the branch locus 
of p : F -)■ X and the support of 5*i/2. Let E{G/H)ti -)■ Ft^ x T be 
defined by the following diagram 
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(6.1) Sym^W"^ ^Sjm^W^ 



YnxT ^ Y xT 



{7^} xT ^X xT 

Let Ffjcn '■ {Schemes} — )> {Sets} be the functor that to a scheme 
T associates the set of isomorphism classes of pairs {fx '■ Wt — )■ 
p*rpSi/2,(yn) where fr ■ Wt ^ PtSi/2 = {ft ■ Wt -^ Si/2}teT is a T- 
family of (5-semi-stable framed modules on Y and a-ji is a F-equivariant 
section of Sym W.^ — )■ Yy^ x T that is everywhere non-degenerate. In 
other words, it is an orthogonal bundle on Y-ji x T. 

Then the morphism a-ji : Fh,g -^ Fh,g,ti induced by evaluation of 
sections at Y-ji is a proper morphism of functors. 

Proof. Let T be a reduced affine curve and p G T be an arbitrary point. 
We denote T* = T \ {p} denote the complement of the point p. We 
should show that given a T-family of (5-semi-stable framed modules 
/t : Wt — )■ PtSi/2 on Y x T, and a F-equivariant every-where non- 
degenerate section st* of Sym Wt* -^ Y x T* together with a F- 
equivariant everywhere non-degenerate section ^t of Sjm^W.^ — )> Y-ji x 
T such that for all pi G T* we have 

ST*i{y} X {pi}) = (TTi{y} X {pi})yy G Yn 

then there exists a F-equivariant section st of Sym^W^^ -^ Y x T 
prolongating St*- 

Now St* gives rise to a section of Sym^W^^* -^ Y x T* which if it 
doesn't extend to a regular section s't on Y x T would have a pole 
of order /c > 1 at the divisor Y x {p} "-^ Y x T. Let u denote the 
uniformizing parameter at the local ring Ot,p- Then u^st* extends 
to a regular section (again denoted) s^ of Sym^W^ -^ Y x T whose 
restriction to s^^ would be non-zero. Since Sym^W^^ "^ ker(/i) is semi- 
stable of though of positive degree so s^^ vanishes at finitely many 
points in the second case. 

Lemma 6.6. The section s't is F-equivariant. 

Proof. In this proof, we shall view Wt as a principal GL„-bundle. Since 
the property of separatedness is local on the base, the structural map 
Wt — > F X T is separated because in the Zariski topology, it is a local 
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GL„-fibration. Therefore VFt(GL.„/0„) — )■ F x T is also separated be- 
ing a GLn/0„-fibration Zariski locally. Thus the structural morphism 
of the |r|-fold fibered product of WT{GLn/On) with itself over Y x T 
is also separated. Let {mg}g(zr denote the lift of the action of F on y 
to E and let m^ denote the induced lifts on ExiGLn/On)- Now since 
F X T is reduced and since the section (jrT^~^s'rpg)g^r and the diagonal 
section (s^)c,gr agree on F x T* which is open and dense, so they agree 
on y X T. In particular, s'rp on Y x {p} is F-equivariant. D 

If the order of the pole k were strictly greater than zero, then by 
continuity for all pi G T, we would have 

sriiy} X {Pi}) = u'^ariiy} x {Pi})Vy G Y^. 

This equality would imply that for y G Y-ji, we have s'rp{{y} x {p}) = 
u'^ariiy} x {p}) = because u vanishes at p and ar is regular. 
This is a contradiction owing to the size of TZ that we took. So 
it must be that st* extends as a regular section to s'rp. Now since 
WT{GLn/On) ^^ Sym^Wr is a closed embedding, so the entire im- 
age of St lies in iy(GL„/0„). In particular, the image of s^p lies in 
W{GLn/On)p- It is also F-equivariant. This is what was required to 
be shown. D 

6.2. Construction of quotient space for 6=1. Huybrechts-Lehn 
[HI HL] have considered the closed sub-scheme of Z' of 

Quoty(/7 O OY{-m), P) X Projy(Hom(/7, H^{X, S1/2))) 

such that for {q,p) G Z' the following factorization of arrows takes 
place 

(6.2) H^Oyi-mf -Jg 

'S'1/2 

To simplify notation we shall denote Z' the locus stable under F-action 
in the description above. Note that over Z' we have a universal map 

Juniv '■ •' ^ >-'l/2- 

Let / : VF — >• S'1/2 £ 'Z''^'^ and consider ker(/). Then by the bounded- 
ness of the family Z"^^ it follows that there exists an integer m-o (inde- 
pendent of ker(/)) such that for any non-zero section s of Sym^ ker(/)*, 
we have \zeros{s)\ < uiq. 

In the following we fix a F-invariant subset J G Y outside of ram- 
ification locus of p : y — )■ X and the support of 5" having cardinality 
\J\ greater than mo. Let £ denote the universal sheaf ker(/„„j^) on 
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Y X Z"^'^. It is a semi-stable vector bundle of negative degree by Propo- 
sitions 15.41 Let £g denote the associated principal GL^-bundle. We 

set 

(6.3) Q' = {SYm'£*)j = J] Sym^^:;. ^ Z'- 

the fiber product taken for all yj G J over Z'"^^. Let f '■ Q' ^ Z'^^ be 
the natural map. It is an ajfine morphism because each Sym^£^* — ;■ 

{Vj} X Z"' 4 Z"' is affine being pull-back by {yj} x Z"' ^Y x Z"' 
of Sym^i"* — )■ y X Z''^^, which being a vector bundle is affine. 

Note that Q' parametrizes a 6 = 1 semi-stable family of framed 
modules / : VT — )• S1/2 together with "initial values of the quadratic 
form" on Sym^ ker(/)* which is a semi-stable vector bundle of positive 
degree by Proposition 15. 8[ 

Let q" : {Schemes} — > {Sets} be the functor that to a scheme T 
associates {(/t : Wt — )■ PtSi/2,(1t)} where qt is an everywhere non- 
degenerate quadratic form and /y is a 5 = 1-semi-stable family of F- 
framed modules. We shall view qt equivalently as sections of Sym^W^ 
and further as sections of Sym^ker(/5")*. By the theory of Hilbert 
schemes (cf [T^ Lemma 3.8.1]), and simple base-change we can show 
that q" is representable by a Z ''* scheme Q". 

Let us define the evaluation map of Z'**-schemes by 

evj : Q" ^ Q', {fr, Qt) ^ {fr, q{j)\j G J}- 
Lemma 6.7. The evaluation map 0j : Q" — > Q' is affine for \J\ large. 

Proof. Suppose that 4>j{fT,(lT) = 4>j{fT^lT)- Then we may assume 
that fx : Wt — ?■ 5*1/2 = fr '■ ^t ~^ 'S'1/2 and that q and q' are two dif- 
ferent sections of Sym^ ker(/T)* which agree on J. Since Sym^ ker(/T')* 
is a family of semi-stable vector bundles, so it follows that q = q'. The 
properness follows from Prop 16. 5[ Thus the evaluation map 0j being 
proper and injective is affine. D 

Let Q denote GL (H). By our definition of semi-stability of F- 
orthogonal bundles with frames, it is immediate that the Q action on 
Z'^^ lifts to Q". Further we have the commutative diagram 

(6.4) Q" -^^ Q' 




By Lemma 16.7^ we have (f)j is affine. Further / is affine because its 
fibers are (Sym^?/)"^ where U is any vector space of dimension the rank 
of the framed modules. Hence /x is a ^-equivariant affine morphism. 

Proposition 6.8. Two F-orthogonal framed modules (/, q) and (/', q') 
are in the same ^-orbit of Q" if and only if they are isomorphic. 

Proof. Suppose that (/, q) and (/', q') are in the same ^-orbit. Then 
firstly f : W —> S1/2 and /' : W — )■ 5*1/2 are isomorphic as F-framed 
modules. Identifying them, q and q' as sections of H^{Y, WiGhn/On)) 
lie in the same orbit of the isotropy group of / : VT — )■ 5*1/2 which iden- 
tifies with its automorphism group as a F-framed module. Hence q and 
q' furnish isomorphic reductions of structure group of W to the orthog- 
onal group. Hence (/, q) and (/', q') are isomorphic as F-orthogonal 
bundles with frames. Conversely if (/, q) and (/', q') are isomorphic 
then firstly an element of Q takes the underlying F-framed module to 
the other. Identifying them, automorphism group identifies with the 
isotropy group, and on the other hand, it contains an element taking q 
to q'. D 

Theorem 6.9. There exists a coarse moduli space for semi-stable F- 
orthogonal bundles with frame structure which is a quasi-projective 
variety. Further the map forgetting the orthogonal structure to the 
coarse moduli space of semi-stable F framed modules is affine. 

Proof. Consider the Q equivariant affine morphism /i : Q" — )■ Z'^'^. 
Since the quotient of Z '^^ jQ exists, so by Ramanathan's lemma [HI 
Lemma 4.1] the quotient of Q" /Q also exists. By the universal property 
of categorical quotients, the canonical morphism 71 : Q" /Q -^ Z ^'^ jQ is 
also affine. D 

6.3. Points of moduli. We separate a few lemmas, before describing 
the points of the quotient space Q" jQ. 

Lemma 6.10. Let (VF, g') be an orthogonal bundle on a curve Y . For 
any sub-bundle F C PF, we have deg(F-'-) = deg(F). 

Proof. This follows from the short exact sequence, 

-> F^ -^ VF ^ IF* ^ F* ^ 0. 

Here we use that deg(F*) = — deg(F) because F is a sub-bundle. D 

Corollary 6.11. For a sub-bundle F C PF, we have F = (F-*-)-*-. 

Proof. The inclusion C is clear and the equality follows by considering 
degrees and applying Lemma [6. 101 D 
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Proposition 6.12. Let (f : W -^ Si/2,q') he a 5 = 1- semi- stable 
orthogonal bundle with frames. Let Wi C W he any saturated desta- 
bilizing subsheaf. Then W^ C Wi and the framing on W^ is non-zero. 

Proof. Let us first suppose that the framing restricted to Wi is not 
zero. Then without loss of generality we may suppose that Wi is a 
sub-bundle. By the exact sequence 

(6.5) O^WiHW^^ ^Wi® W^ -> W^i + W^ -^ 0, 

it follows that deg{Wi + W^) = deg{Wi). Now, the bundle Wi + W^ 
would be contradict the semi-stability of W unless rank(11/i -|- W^) = 
rank(14^i), which means that W^ C Wi. Further by equality 

degiW^)-\S\ _ 0-\S\ 
Tank{Wi) rank(Vr) ' 

it follows that deg{Wi) > 0. So the framing on W-^ must be non-zero 
else, W-^ would contradict semi-stability. 

Now suppose that Wi is a destabilizing sub-sheaf oi f : W ^ S1/2 
with induced framing zero. Then ii K = ker(/) then Wi M- K. With- 
out loss of generality we may assume that Wi is a sub-bundle of K 
else we may take its saturation. Now observe that Wi is not saturated 
as a sub-sheaf of W. Applying Homoyi'^ , S1/2) to the exact sequence 
^ Wi ^ K ^ Q ^ 0, we obtain Ext^{Si/2,K) -^ Ext\Si/2,Wi) 
and let ^ Wi -^ ]¥[ ^ S1/2 he the image oi ^ K ^ W ^ S1/2. 
Observe that W[ ■— )■ ly is a sub-bundle with the same slope as Wi 
as framed modules. Thus we may restrict to sub-sheaves of W with 
non-zero framing to check semi-stability or semi-stability and we will 
do so. This reduces us to the first case. 

n 

Remark 6.13. By the proof of Prop 16.121 it follows that checking 
semi-stability reduces to checking over familiar test objects consisting 
of sub-bundles Wi such that W^ C IVi (cf [13]). With trivial framed 
structure, we recover the condition for orthogonal bundles. 

We now want to describe the equivalence relation on semi-stable 
F-orthogonal bundle with frames. Let (/ : IV — )■ Si/2,q') he such a 
bundle. Then by Prop 14. 6^ ignoring the form q', we have a filtration 
C Wi C W2 C ■ ■ -W oi W whose successive quotients are P-stable 
framed modules. If Wi is not saturated, then we make it so as in the 
proof of Prop I6.12[ Note its saturation continues to be F-stable of the 
same slope. Now W/Wi is a semi-stable F-framed module with induced 
framing zero and it may be filtered by a Jordan-Holder sequence. Let 
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us denote such a filtration by C Wi C W2 C W. Now by Proposition 
16. 12^ we have that 

because all W^ have non-zero framing. Note that Wi/W^ is an or- 
thogonal bundle and we have perfect pairings between Wi/Wi^i and 
W^i/W^, which make Wi/W^ into an orthogonal bundle. Now we 
may deform, as in Prop |Ml W ioWi® ®i>2Wi/Wi-i. This splits W 
further as 

(6.6) ©,>i WtlWi^^ © W,/W^ ®^>2 Wi+,/Wi. 

As in Prop 1.13 [ilj, we can find other filtrations of the underlying F- 
framed module W which permute the successive quotients Wi/Wi-i. 
This has the effect of permuting the factors in sequence (16. 6p together 
with the perfect pairings. Note that in Prop 14.61 or Prop 1.13 [9], 
only one successive quotient is endowed with non-zero framing. In the 
description above we have fixed the one with non-zero framing as Wi. 
Now we make this into a definition. 

Definition 6.14. We say that two semi-stable P- framed orthogonal 
bundles W and W are S'-equivalent if there exists filtrations {0} C 
Wi CW2 C ■■■ CW and {0} cWi CW2 C ■■■ CW by P-stable 
framed modules, by saturated sub-bundles, such that the associated 
graded modules are equivalent (upto permutation). 

Definition 6.15. We call a framed module {f : W ^ Si/2,(l') P- 
polystable iiW ^ ©i>iW^^/W^ii © Wi/W^®i>2 with 

©.>iW^^/W^+i © WJW,^ ©„>,>2 W,/W,., 
6 = 1-semi-stable saturated P-framed module for any m. 

Definition 6.16. We define morphisms between P-stable framed mod- 
ules (/j : Wi -)• 5*1/2, g-) (for i = {1,2}) as a morphism 9 : Wi ^ W2 
between their underlying bundles such that there exists constants cs 
and Cq such that f2° = Cgfi and Cgq[ = 0*q29. 



We may prove an analogue of Lemma 14. 5[ stating that non-zero mor- 
phisms of stable P-orthogonal bundles with frames must be isomorhism 
given by multiplication by scalars. 

Proposition 6.17. The points of Q" /Q are given by P-polystable 
framed modules with orthogonal structure. 

Proof. Since the quotient q : Q" ^ Q"/Q is a good quotient, so for 
each point W G Q"/G, the fiber q~^(W) contains a unique closed Q- 
orbit. By standard arguments we may deform (/ : VT — )• Si/2,q') to 
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its associated F-polystable object. To prove that orbits of polystable 
objects are closed, we may follow the proof of Prop 14.131 working with 
Definition Eia D 

7. Comparison with Gomez-Sols] 

Proposition 7.1. Let p : Y -^ X he a double cover of curves. Put 
d = deg(p*Cy). For a vector bundle V on X, we have 2fj,{V) + 3/2d = 

We recall the definition of (semi)-stability of conic bundles from 
Gomez-Sols P, GS]. 

Definition 7.2. Let r be a positive rational number and {E,Q) be a 
conic bundle. We say that {E, Q) is (semi)-stable with respect to r if 
the following conditions hold 

(1) (ss.l) If E' is a proper sub-bundle of E, then 

deg(EO - cq{E')t ^ deg(E) - 2r 
rank(E') " 3 

(2) (ss.2) \{ El d E2 d E is a. critical filtration, then deg(Ei) + 
deg(E2) < deg(E). 

where cq{E') equals 2 if Q{E',E') ^ 0, else 1 if Q{E',E) ^ and 
otherwise. 

Proposition 7.3. For S = 1, the (5-(semi)-stability condition implies 
[GS] semi-stability condition for all r > 0. 

Proof. Let us check ssl. Let V be a sub-bundle of V. Now 

deg{V)-2r degiV) - CQiV')T ^ ^ly^-p^WO cqJW') 

3 rank(F') 2 ^ank(iy') ^ '' 

where W and ly are the Hecke-modifications of p*{V) and p*{V') 
respectively. Now for {cq{V') = l,rank(\^') = 2) and {cq{V') = 
0,rank(\^') = 1,2), the bundle V would not be non-degenerate. In 
the remaining cases, the expression is positive. 
Let us check ss2. Recall that V'-^ is defined by 

O^V'^ ^V ^V* ^V* ^ 0. 

We denote the Hecke-modifications oip*(y), p*{V') and p*(y'^) by W, 
W and W'-^ respectively. Then we have 

degjW) - ejW) ^ degjW) - e{W) 

i - 3 

deg{W'^) - e{W'^) deg{W) - e{W) 
2 - 3 
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These imply by the equahty in Proposition I7.H apphed to V, V and 
V'-^, the condition ss2. D 

Proposition 7.4. For r < 1/16, stability in [GS] implies (5-(semi)- 
stability condition when q is generically non-degenerate. 

Proof. Let W be a sub-bundle of W. Then if r < 1/16, then [GS]- 
stability implies that fi(W) — fJ^iW') + e > where e < 1/6. This 
means that I^{W) — fJ^iW) > because the least common multiple of 
the possible ranks from 1 to 3 is 6. D 

Remark 7.5. For the sake of completeness we justify that the param- 
eter r in Gomez-Sols [6], can be taken to be as small or as large as we 
like. It is defined in [6l Prop 2.10 GS] as 

na _ P{1) - P{m) 
Hi P{m) — 2t 

where ni and n2 are the multiples of the principal polarizations on 
Quot(i7 ® Ox{-m), P) and Vxo]{Sym^{H* ® H^{X, Ox{l-m)))),P 
is the Hilbert polynomial of the underlying vector bundles {P{n) = 
3n + d + 3{1 — g)) and if is a vector space of dimension P{m). For fixed 
m, I and ?t,2 as rii tends to oo, r tends to 0. So we can make it arbitrarily 
small. Keeping the difference n — m, rii and n2 fixed, by letting m tend 
to oo, we can get r arbitrarily large because r = 2n2 ■^rTiin-m^+'in' ) • 

We finish this section with a simple observation which proves proper- 
ness when the quadratic form has "singularities of order one". 

ss IjII 

Theorem 7.6. The functor Fg is proper when the sky-scraper 

sheaf S has depth one for small values of 6. 

Proof. Let V{y)^i denote the —1 eigen-space for the Z/2-action on 
Vy/rriy. Then in multiplicity one, we have an isomorphism of sheaves 

So set-theoretically the functor F|^' equals the functor F^^''^^'^ (or 
F for short) which forgets the frame structure and takes semi-stability 
in the sense of Seshadri (THl CSS]. Moreover, since there are finitely 
many choices of rank(iyi) of sub-bundles Wi and e(IVi), for small 5 
the inequality (16.21) holds if and only if deg(iyi) < holds. This means 
that the underlying vector bundle W is semi-stable since its degree 
is zero because it supports an every-where non-degenerate quadratic 
form. Recall that in p^ CSS] a Z/2-vector bundle is defined to be 
semi-stable if the underlying vector bundle is semi-stable. So the semi- 
stable objects associated by the functor F^^' and the functor F^'^-^/^ 
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are in bijection. Now the claim follows from the properness of moduli 
of Z/2-orthogonal bundles [T] . 

D 

8. Semi-stable reduction for 6=1 and 15*1/21 < rank 

We shall assume throughout that the skyscraper sheaf has length 
1 51/2 1 < rank. For convenience we shall normalize 6 by the 1 5*1/2 1, so 
that 6 = 1 becomes an extremal case. Recall that then the framing 
map f : W ^ S1/2 is surjective and the kernel becomes a semi-stable 
vector bundle (of negative degree) by Props 15.21 and 15. 4[ Also note 
that tensor product of two 6 = 1 semi-stable framed modules will be 
6 = 1-semi-stable by Prop 15. 6[ 

Let A denote a discrete valuation ring over complex numbers C with 
field of functions K. We shall denote U = Spec{A) and U* = Spec(i^). 
For an extension L oi K with ring of integers B we shall denote T = 
Spec(i?), T* = Spec(L) and the special point by t. For a sky-scraper 
sheaf 5 we shall denote its length by \S\. Subscripts will be used to 
keep track of where an object ( a section, a quadratic form etc) is 
defined under base-change. The projection maps px onto X and py 
onto Y will be understood from context. 

In this section we propose to prove the following theorem. 

Theorem 8.1. Given any 6 = 1 semi-stable family of Z/2-orthogonal 
bundles with frames (WK,q'K) -^ PySi/2 over Y x K there exists an 
extension L oi K with ring of integers B, such that the pull-back ex- 
tends uniquely to YxB as a6 = l semi-stable Z/2-orthogonal bundle 
with frames {WB,qB) -^ PySi/2. 

Since we want to apply this theorem to the coarse moduli space of 
Theorem 16. 9[ so it suffices to check for discrete valuation rings A over 
complex numbers. 

Since the moduli of Z/2-framed modules is complete by Theorem 
I4.17[ so denote the framed module extension by /a '■ Wa -^ PySi/2- 

Example 8.2. Let V = Oy be the trivial bundle on Y of rank n 
endowed with the quadratic form q = diag{t, ■ ■ ■ ,t) over C((t)). This 
quadratic form extends to the zero form on the special fiber of C[[t]]. 
However the family [Vt, qt) is isomorphic to the constant family {V, q') 
where q' = Id on C((t)), which extends as a non-degenerate form, 
namely Id on the special fiber. 

Let xo € X be a point outside the ramification locus of p : y — )■ X 
and the support of 5". Let Y^q denote the scheme-theoretic inverse im- 
age in Y . The following Proposition is about extending F-equivariantly 
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the quadratic form g on F x T* to K,.,, x T, if need be at the expense 
of the reductive property of its isotropy subgroup. Its proof is as in 
[2], where it is proved for a connected group G. But the adaptation to 
orthogonal group is straightforward. So we omit the proof. 

Proposition 8.3. There exists a finite extension L oi K with integral 
closure B oi Ain L, such that in the isomorphism class of the pull-back 
family on Spec(L) of ii^ = {W, q'), there is a family El = (Wl, Ql) such 
that ql extends F-equivariantly to Y^g x Spec(i?) as a non-degenerate 
quadratic form on {y} x {p} for all y G Y^q. More precisely, qi seen 
as a section of iy(GL„/0„)y^ xb is identically the identity coset if we 
choose a trivialization of W on Y^q x B. 

Let /b : Wb -^ PySi/2 denote the pull-back framed module toY xB. 
In the moduli of framed bundles, limiting objects may have torsion i.e 
apriori Wp may not be locally free. Though strictly speaking, logically 
we do not need the following lemma, but since our claim is that Wb 
will support an orthogonal structure, so let us convince ourselves in 
passing that Wp is locally free. 

Lemma 8.4. The sheaf Wp is locally free. 

Proof. We shall show that Wp has no torsion part. Firstly we note 
that by the short exact sequence — )■ p*V^ — )■ Wp — )■ S1/2 — )■ it 
follows that deg{p*Vp) + \Si/2\ = 0. Were Wp to have torsion, then 
deg(W*) would be greater than 0. But by the sequence — )• W* — )■ 
p*V* -)■ Ext^(S'i/2,Cx) -)■ we deduce that deg{Wp) = because 

\Ext\Sy2,Ox)\ = \Si/2\. □ 

Recall that ker(/B) is a semi-stable family of vector bundles of neg- 
ative degree. Since the Galois action is trivial along its fibers, so say 
that it is the pull-back of Vb on X x i?. Moreover the restriction of the 
quadratic form qi on Wl to p*Vl goes down on X x i? as say qxxL- 
Furthermore we have a short exact sequence on X x L 

(8.1) O^Vl''^ VI -^ p*xS -^ 0. 

Recall here that 5*1/2 on Y is the "half of S on X. 

Lemma 8.5. The restriction of the quadratic form qxxL to Vb extends 
regularly as qxxB '■ Oxxb -^ Sym^V^. Moreover, the restriction of 
qxxB on the special point of Spec(-B), is generically non-degenerate. 

Proof. The framed module /b : Wb — ^ 5'i/2 is also 5-semi-stable as a 
framed module at the closed point p G Spec(i?) and thus so is the kernel 
p*Vp = ker(/p) as a vector bundle. Either the quadratic form extends 
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as a regular section of Sym^V^ or it has a pole of order k > 1. Let u 
denote the uniformizing parameter of B and p G Spec(i?) the closed 
point. Then u^qxxL extends as a non-zero regular section of Sym^V^. 
On the special fiber of Spec(-B), it vanishes at Xq G X, so we get a non- 



zero map Oxy.p{xo) — )■ Sym V* , which contradicts the semi-stability 
hypothesis. Recall that the degree of Vp is — 15*1/21/2 =: d. Thus slope 
/; is equal to ^^^^ 



Sym^Vl* is equal to /"t-i/o < 1 a contradiction. Thus qxxL extends 



regularly to the whole of X x 5 as qxxB G Sym^V^. Since it extends 
as the identity section over xq x 5, so it cannot be degenerate at the 
generic point by continuity. D 

Remark 8.6. In the case of symplectic form the estimate becomes 
(n-i)nl2 ^ ^ which implies the same conditions as for quadratic forms. 

In what follows we want to understand qt- Abbreviating qxxT as qx, 
let Q — 7> X X T be the sheaf defined by 

(8.2) ^ Vt ^ V; ^ Q ^ 0. 

Lemma 8.7. The module Q is flat over the fibers of X x T — )■ T. 

Moreover \Qt\ = \S\. 

Proof. Since i? is a discrete valuation ring, so it suffices to show that 
Q is free. At the generic point 77 G T it cannot have torsion. It has no 
torsion at the closed point t also because we have 

\Qt\ = deg(\//) - deg(\4) = deg(V;*) - deg(V;,) = \Q,\ 

since Vr^ and Vt are flat X x T-families and thus afortiori flat T-flat 
families because the map X Xc T — )■ T is flat. 

Secondly since \S\ = deg(V^*) — deg(\4) and p*j^S is free over the 
flbers of X X T — )■ T, so the second claim follows. D 

The sky-scraper sheaf Q admits a flltration deflned as follows. Let 
D denote the divisor of multiplicity one which is the support of the 
sky-scraper sheaf S. Consider the natural section sd '■ Oxxt — ^ 
Oxxt{{D} X T) (which is well-deflned upto scalar multiplication). De- 
flne quotient sheaves Qn and kernel sheaves Kn by tensoring 

(8.3) ^ OxxT ^^ Ox{n{D} x T) ^ Ono ® 5 ^ 
by Q to get 

(8.4) ^ i^„ ^ Q ^ g ^ g„ ^ 0. 
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Since Q is i?-flat and therefore free, so i^„ being sub-module of Q are 
free and thus 5-flat too. Note we also have 

(8.5) Kn-^ = Img(ir„ ^Q^Q)^ 

and thus the inclusions of sky-scraper sheaves Kn^i M- Kn are split. 
In particular Kn "^ Q is spht. Thus Qn is isomorphic to Kn as B- 
modules. 

Let Fi denote the successive quotient for the natural inclusion Ki_i M- 
Ki. Note also that Fi is 5- fiat. Moreover We thus record 

(8.6) Fn = KjKn-i = ker(Q„ -> Q„_i). 

Similarly under the projection px '■ X x T ^ X , for the sky-scraper 
she&i p*xS and the sequence 08.31) . define Si hke the Fj. 

Lemma 8.8. Over X x T, the sheaf Q is isomorphic to p*xS. 

Proof. By the semi-continuity theorem applied to the sheaves Fi on 
X X T, we get 

(8.7) \Fi,t\ > \Fi,r]\ = \Si,n\ = \Si,t\ 

for all i where t G T is the special point. However we also have 

Y, \F^,t\ = deg(F;) - deg(\4) = deg(K;) - deg(K,) = \S\ = Y1 l^^l 

i i 

because Vr and V^ are fiat families over X x T ^ T. Thus we must 
necessarily have equality in (18. 7p . Thus the sheaves Fi and Si are free 
Od (8)c B modules of the same rank. Recall here that we had chosen 
D to have multiplicity one at each divisor. 

Choose arbitrary isomorphisms between them. Now onwards we 
change our point of view; we shall view Fi = ker(Qj — )■ Qi-i) and 
similarly Si as sub-quotients rather than sub-objects of Q. The inclu- 
sion 

Img(s^i)/Img(s^) ^ Ox/lmg{s'j^) 

as a sub-module endows Img(s^^)/Img(s}5) with an Cx-module struc- 
ture. Now define {PxS)n like Qn in sequence (18.41) . As sheaves of 
OxxT-iTT'Odules, Qn is isomorphic to {p*xS)n by the following equalities 

(8.8) 

Qn = ©i<„Fi®cImg(s*^^)/Img(s*o) = ©i<„5i®cImg(s*o ^)/Img(s*^) = {p*xS)n. 

Taking n sufficiently large, we see that Q = Qn = {p*xS)n = V*xS. D 

Lemma 8.9. The short exact sequence (18. 2p identifies with 

(8.9) Q^Vt'^V^-^ p*xbS ^ 0. 
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Proof. Consider the following diagram for the projection px,L '■ X x 
L — 7- X where the bottom row is as in (18. ip 

(8.10) — ^Vt^^v^ -g -0 



^Vl^^VI pXlS — - 

We note that S" is a Ci^iu-module. Now by Lemma 18.81 it follows that 
the image oi Q ^^ p*x j^S is a 0\s\d ®c -B-module and a lattice over 
B isomorphic to S (S)c B "-^ S (8>c L. We choose such an isomorphism 
Img(Q) —7- S (8>c B over the ring 0\s\d ®c B and consider 

P*x^lS ~ Img(Q)z. % (S ®c 5) ®B ^ ^ P*x,lS. 

Twisting the morphism V^ -^ p*xS of (18.101) . further by 9l we see that 
without changing the isomorphism class of (Vlj^l) we have a vertical 
morphism Q "^^ p^S in fl8.10p whose image coincides exactly with the 
natural image of S ®c B ^^ p\S. D 

Proof of Theorem \8.1[ By Theorem 13.21 it follows that the sequence 
fl8.9p corresponds to a T-family Wt -^ PySi/2 of framed modules on 
y X T together with a quadratic form Qyxt which is everywhere non- 
degenerate. We remark that by properness of framed bundle moduli, 
the framed module Wt -^ PySi/2 must be the pull-back under A ^>- B 
of Wa — ;• PySi/2. This proves the main theorem of this section. D 
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